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Abstract
We study some properties of domino insertion, focusing on aspects related to Fomin’s
growth diagrams (J. Algebraic Combin. 3 (1994) 357; J. Algebraic Combin. 4 (1995) 5). We
give a self-contained proof of the semistandard domino-Schensted correspondence given by
Shimozono and White (Electron. J. Combin. 8 (2001)), bypassing the connections with mixed
insertion entirely. The correspondence is extended to the case of a non-empty 2-core and we
give two dual domino-Schensted correspondences. We use our results to settle Stanley’s ‘2n=2’
conjecture on sign-imbalance (preprint, math.CO/0211113, 2002) and to generalise the domino
generating series of Kirillov et al. (C.R. Acad. Sci. Paris, Se´rie I 318 (1994) 395).
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1. Introduction
Recently in [21] Shimozono and White described a semistandard generalisation of
Barbasch and Vogan’s domino insertion [1], relating domino insertion to Haiman’s
mixed insertion [8]. This semistandard domino Schensted algorithm establishes a
bijection between coloured biwords and pairs of semistandard domino tableaux of
the same shape. That such a bijection exists can already be seen by combining
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Littlewood’s p-quotient construction [17] with the usual Robinson–Schensted–
Knuth algorithm. Shimozono and White’s key observation is that Barbasch–Vogan
domino insertion has a colour-to-spin property. This property appears to have been
used earlier by Kirillov et al. [9] for some special coloured involutions.
Earlier, van Leeuwen [15] had described domino insertion in terms of Fomin’s
growth diagrams. He connected Barbasch and Vogan’s left–right insertion
description [1] with Garﬁnkle’s traditional bumping description [6]. He also deﬁnes
insertion in the presence of a 2-core.
Our ﬁrst aim in this paper is to give a self-contained proof of the semistandard
domino-Schensted correspondence, using elementary growth diagram calculations to
prove all the main properties of the bijection which we also extend to the non-empty
2-core case. Thus our approach allows us to avoid mention of mixed insertion
completely. We also describe two dual domino-Schensted bijections. These are
bijections between multiplicity-free sets of biletters and pairs of semistandard
domino tableaux which have conjugate shapes. All three bijections are essentially the
same on the set of hyperoctahedral permutations. In fact we will make clear that the
most important difference is that different notions of ‘standardisation’ of a set or
multiset of biletters are used. Finally, we perform a detailed analysis of symmetric
growth diagrams for domino insertion.
The study of growth diagrams leads us to a number of applications. These include
a number of enumerative results for domino tableaux, an application to sign-
imbalance, and a collection of product expansions for generating series of domino
functions.
The sign signðTÞ of a standard Young tableau T is the sign (as a permutation) of
its reading word obtained by reading the tableau from left to right along the rows,
starting from the top row. The sign imbalance of a shape l is deﬁned asX
SYTT : shðTÞ¼l
signðTÞ:
That sign-imbalance is related to domino tableaux has been made explicit in work of
White [26] and Stanley [25]. In particular, White gives a formula for the sign of the
Young tableau TðDÞ associated to a domino tableau D:
signðTÞ ¼ ð1ÞevðDÞ;
where evðDÞ is the number of vertical dominoes in even columns of D: Domino
tableaux are in bijection with hyperoctahedral involutions and we prove that in fact
evðDÞ is equal to the number of barred two-cycles of p; where D ¼ PdðpÞ is the
insertion tableau of p: This allows us to prove Stanley’s conjecture on sign-
imbalance, our Theorem 23, which is a 4-parameter generalisation of the following
elegant result:X
SYTT : shðTÞAm
signðTÞ ¼ 2Im=2m:
Recently, another proof of Stanley’s conjecture has appeared which uses the usual
Schensted correspondence, due to Astrid Reifegerste [19] and Jonas Sjo¨strand [23].
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Carre´ and Leclerc [2] and Kirillov et al. [9] have studied certain generating
functions HlðX ; qÞ for domino tableaux which we loosely call domino functions.
More general domino functions GlðX ; qÞ were developed also in [11], where they
were connected with the Fock space representation of Uqðbsl2Þ: These are deﬁned as
GlðX ; qÞ ¼
X
D
qspðDÞxD;
where the sum is over all semistandard domino tableaux of shape l: The Hl are
deﬁned by HlðX ; qÞ ¼ G2lðX ; qÞ: Product expansions of the sums
P
HlðX ; qÞ andP
Hl3lðX ; qÞ were given in [9].
By studying coloured involutions we give a product expansion for a 3-parameter
generalisation of the sum
P
l GlðX ; qÞ: When the parameters of this sum is
specialised, we obtain both of the product expansions of Kirillov et al. [9].
A generalisation of the functions GlðX ; qÞ from dominoes to p-ribbons is given by
Lascoux et al. [11] and the connection with representation theory further explored in
[12–14]. The study of ribbon tableaux appears to be even more interesting, though
considerably harder, than that of domino tableaux, inspiring much recent work. A
Schensted-correspondence for ribbon tableaux has been given by van Leeuwen [16],
though the correspondence cannot be described in terms of insertion. Descriptions of
the spin of a ribbon tableau in terms of the p-quotient have been given by Schilling
et al. [20], and also by Haglund et al. [7]. In [10], we study these ribbon functions
in analogy with Schur functions, by proving ribbon Cauchy, Pieri and Murnaghan–
Nakayama formulae.
We now brieﬂy describe the organisation of this paper. In Section 2, we give some
notation and deﬁnitions for domino tableaux and multisets of biletters. We also give
a description of domino insertion bumping in an informal manner, following mostly
[21]. In Section 3, we introduce and study growth diagrams. This is followed by a
proof of the semistandard domino-Schensted correspondence and a description of
the dual domino-Schensted correspondences. The section ends with a study of
symmetric growth diagrams and some enumerative results. In Section 4, we apply the
results of Section 3 to sign-imbalance. In Section 5, we combine the results of Section
3 with a study of the standardisation of coloured involutions. These lead to a number
of product expansions for generating series of domino functions. In Section 6, we
give some ﬁnal remarks concerning possible generalisations to longer ribbons.
2. Preliminaries
2.1. Domino tableaux
We will let ½n ¼ f1; 2;y; ng throughout.
Let l ¼ ðl1Xl2X?XllðlÞ40Þ be a partition of n: We will often not distinguish
between a partition l and its diagram (often called DðlÞ) but the meaning will always
be clear from the context. The partition l,m is obtained by taking the union of the
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parts of l and m (and reordering to form a partition). We denote by *l and ðlð0Þ; lð1ÞÞ
the 2-core and 2-quotient of l respectively (see [18]). Every 2-core has the shape of a
staircase dr ¼ ðr; r  1;y; 0Þ for some integer rX0: As usual, when l and m are
partitions satisfying mCl we will use l=m to denote the shape corresponding to the
set-difference of the diagrams of l and m:
We denote the set of partitions by P and the set of partitions with 2-core dr by Pr:
The set of all partitions l satisfying the two conditions:
*l ¼ dr;
jlj ¼ dr þ 2n;
will be denoted PrðnÞ: Note that P ¼
S
r;n PrðnÞ:
A (standard) domino tableau (SDT) D of shape l consists of a tiling of the shape
l=*l by dominoes and a ﬁlling of each domino with an integer in ½n so that the
numbers are increasing when read along either the rows or columns. Here, n is 1
2
jl=*lj:
A domino is any 2 1 or 1 2 shape, or equivalently, two adjacent squares sharing
a common edge. The value of a domino is the number written inside it. We will write
domi to indicate the domino with the value i inside. We will also write shðDÞ ¼ l: An
alternative way of describing a standard domino tableau of shape l is by a sequence
of partitions f*l ¼ l0Cl1C?Cln ¼ lg; where shðdomiÞ ¼ li=li1:
A semistandard domino tableau (SSDT) D of shape l consists of a tiling of the
shape l=*l by dominoes and a ﬁlling of each domino with an integer, so that
the numbers are non-decreasing when read along the rows and increasing when
read along the columns. The weight of such a tableau D is the composition
wtðDÞ ¼ ðm1; m2;yÞ where there are mi occurrences of i’s in D: Let vðDÞ be the
number of vertical dominoes in a domino tableau D: The spin spðDÞ; is deﬁned as
vðDÞ=2: The standardisation of a semistandard domino tableau D of weight m is a
standard domino tableau Dst obtained from D by replacing the dominoes containing
1’s with 1; 2;y; m1 from left to right, the dominoes containing 2’s by m1 þ 1; m1 þ
2;y; m1 þ m2; and so on (Fig. 1).
More general skew (semi)standard domino tableaux are deﬁned in a similar
manner.
We should remark that Littlewood’s 2-quotient map [17] gives a bijection between
semistandard domino tableaux of shape l and pairs of semistandard Young tableaux
of shapes lð0Þ and lð1Þ:
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2.2. Biletters and coloured words
The deﬁnitions in this section are essentially those of [21] except that we will
consider multisets of biletters instead of coloured words, and our deﬁnitions of
inverse and standardisation will emphasise this point of view.
A letter will be an integer with possibly a bar over it. If x and y are letters, we will
say xoy if
(1) xoy as integers and both are unbarred,
(2) x4y as integers and both are barred, or
(3) x is barred and y is unbarred.
A coloured word is a word made of letters. A coloured word w is a coloured
permutation if each integer of ½n is used exactly once, for some n: Such a word will
also be called a hyperoctahedral permutation or a signed permutation. The set (in
fact group) of all such words will be denoted Bn: The weight of a word is deﬁned in
the usual way, with the bars ignored. The operation ev removes the bars from a
coloured word. Thus if w ¼ ð231Þ then wev ¼ ð231Þ:
A biletter l is an ordered pair of letters, denoted ðx
y
Þ such that x is unbarred and y
may be barred or not. The inverse linv ¼ ðy
x
Þ of l ¼ ðx
y
Þ is the biletter obtained from l
by swapping the pair of integers preserving the barred-ness of the lower letter.
There is a (total) ordering o on biletters deﬁned by ðx
y
Þoðk
l
Þ if
(1) xok; or
(2) x ¼ k and yol as letters.
Let m be a multiset of biletters. The length of m is simply its size as a multiset. The
top or upper weight of m is the weight (in the usual sense) of the multiset of top
letters, and similarly for the bottom or lower weight. The inverse minv of m is the
multiset fðx
y
Þinvjðx
y
ÞAmg:
The total colour of a multiset of biletters m or a coloured word w; denoted tcðmÞ or
tcðwÞ; is the number of barred letters in the multiset or word.
Standardisation st is deﬁned as follows for a multiset of biletters m: It will send a
multiset of biletters to a hyperoctahedral permutation mst ¼ p ¼ p1p2?pn where n is
the size of m: We set pi ¼ j if the ith smallest biletter l ¼ ðxyÞ in m under o becomes
the jth smallest biletter in minv under o: We then make j barred if and only if y is
barred. Ties are broken as follows. Suppose l ¼ ðx
y
Þ occurs k times in m: Let the ﬁrst
occurrence of l in m; ordered byo; be its ith letter, and let the ﬁrst occurrence of linv
in minv be its jth letter. Then
(1) If y is unbarred, we set pi ¼ j; piþ1 ¼ j þ 1;ypiþk1 ¼ j þ k  1:
(2) If y is barred, we set pi ¼ j þ k  1; piþ1 ¼ j þ k  2;ypiþk1 ¼ %j:
It is immediate from the deﬁnitions that standardisation and inverse commute.
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One may check that these deﬁnitions agree with those of Shimozono and
White [21] by identifying a multiset of biletters with a coloured biword by ordering
the biletters canonically via o: We also note the following property of
standardisation which we will need later. If in m; ordered by o; the biletters with
a ﬁxed number y as lower letter (barred or not) occur at indices i1o?oil ; then in
p ¼ mst one has pi1o?opil as letters.
For example, let m be the multiset of biletters
m ¼ 1
%2
 
;
1
3
 
;
2
4
 
;
3
%1
 
;
3
%1
 
;
 
:
Then m has top weight (2,2,1) and bottom weight (2,1,1,1). Its inverse minv is
given by
minv ¼ 2
%1
 
;
3
1
 
;
4
2
 
;
1
%3
 
;
1
%3
  
:
Its standardisation mst is
mst ¼ %34521:
Lemma 1. A multiset of biletters m is uniquely determined by its standardisation mst
and its top and bottom weights.
Proof. This is easy to check directly from the deﬁnitions, but can also be derived
from results in [21]. &
We will occasionally identify a coloured word w or a hyperoctahedral permutation
p with a multiset of biletters obtained by ﬁlling the top row with f1; 2;y; ng from
left to right, and splitting into biletters. We note that under this identiﬁcation, the
inverse for multisets of biletters is compatible with the usual inverse of Bn:
2.3. Domino insertion
The normal Robinson–Schensted algorithm gives a bijection between permuta-
tions of Sn and pairs ðP; QÞ of standard Young tableaux (SYT) of size n and the same
shape. A semistandard generalisation of this was given by Knuth. This is a bijection
between certain matrices with non-negative integer entries (or alternatively multisets
of unbarred biletters) and pairs of semistandard Young Tableaux of the same shape.
We refer the reader to [5,24] for further details. Henceforth, familiarity with usual
Robinson–Schensted insertion will be assumed.
In this section, we describe the corresponding bijection for domino tableaux in a
traditional insertion ‘bumping’ procedure. We will follow the description given by
Shimozono and White [21] for the rest of this section where more details may be
found. As the whole theory will be developed completely from the growth diagram
point of view in Section 3, we will not be completely formal. The reader is referred to
[6,15,21] for full details.
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Let D be a domino tableau with shðDÞ ¼ l; no values repeated, and i a value which
does not occur in D: We will describe how to insert both a vertical and horizontal
domino with value i into D: Let ACD be the sub-domino tableau containing values
less than i: If l has a 2-core l ¼ *l; then we will always assume that *lCshðAÞ: We set
B to be the domino tableau containing A and an additional vertical domino in the
ﬁrst column or an additional horizontal domino in the ﬁrst row labelled i: Let
C ¼ D=D0 be the skew domino tableau containing values greater than i: Now, we
recursively deﬁne a bumping procedure as follows.
Let ðB; CÞ be a pair of domino tableau (with no values repeated) overlapping in at
most a domino. The combined shape of B and C must be a valid skew shape and the
values of C larger than those of B: Let l be the shape of B and j be the largest value
of C respectively. Denote the corresponding domino by domj : We now distinguish
four cases:
(1) If l-domj ¼ | do not touch, then we set B0 ¼ B,domj and C0 ¼ C  domj:
(2) If l-domj ¼ ðk; lÞ is exactly one square, then we add a domino containing j to B
to obtain a tableau B0 which has shape l,domj,ðk þ 1; l þ 1Þ: We set C0 ¼
C  domj:
(3) If l-domj ¼ domj and domj is horizontal, then we ‘bump’ the domino domj to
the next row, by setting B0 to be the union of B with an additional (horizontal)
domino with value j one row below that of domj: We set C
0 ¼ C  domj:
(4) If l-domj ¼ domj and domj is vertical, then we ‘bump’ the domino domj to the
next column, by setting B0 to be the union of B with an additional (vertical)
domino with value j one column to the right of domj : We set C
0 ¼ C  domj:
This procedure is repeated with ðB; CÞ replaced by ðB0; C0Þ until the (skew) domino
tableau C becomes empty.
The resulting B tableau will be denoted by D’i for the insertion of a horizontal
domino and D’%i for a vertical domino.
Let w ¼ w1w2?wn be a coloured permutation and dr be a 2-core assumed
to be ﬁxed throughout. Then the insertion tableau PrdðwÞ is deﬁned as
ðð?ððdr’w1Þ’w2Þ?Þ’wnÞ: The sequence of shapes obtained in the process
deﬁnes another standard domino tableau called the recording tableau QrdðwÞ:
As an example, the domino tableau P0dð%342%1Þ is constructed as in Fig. 2.
The following theorem will be proven in Section 3.
Theorem 2. Fix rX0: The above algorithm defines a bijection between signed
permutations pABn and pairs of standard domino tableaux ðP; QÞ of the same shape
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Fig. 2. Insertion of w ¼ %342%1 into |:
T. Lam / Journal of Combinatorial Theory, Series A 107 (2004) 87–115 93
lAPrðnÞ: This bijection satisfies the equality
tcðpÞ ¼ spðPdðpÞÞ þ spðQdðpÞÞ:
The insertion algorithm is due to Barbasch and Vogan [1] in a different form, and
can be implemented by performing multiple (usual) Schensted algorithms. For
example, to calculate the tableau P0dð%342%1Þ of Fig. 2, we would start with the word
½1;2;4; 3;3; 4; 2;1: One computes the shapes of the different tableaux
obtained by Schensted insertion, applied to the successive words obtained by
erasing ð4;4Þ; ð3;3Þ;y in succession. This sequence of shapes differs by single
dominoes, and give the domino tableau P0dð%342%1Þ: The insertion described here in
terms of bumping is essentially that of Garﬁnkle [6]. Van Leeuwen [15] proves that
the Barbasch–Vogan algorithm is the same as the bumping description, and also
shows that the bijection holds in the presence of a 2-core. That this algorithm sends
total colour to the sum of spins seems to have been ﬁrst used by Kirillov et al. [9]
for certain hyperoctahedral involutions, though no details or proofs are present.
More recently, the colour-to-spin property is made explicit by Shimozono and
White [21].
Shimozono and White [21] only prove the colour-to-spin property in the
absence of a 2-core. However, the colour-to-spin property is proven by studying
the spin change for all the ‘bumps’ in the insertion and these are unaffected by the
presence of a 2-core. Thus the generalisation of the domino insertion bijection to the
2-core case is immediate. Shimozono and White also give a semistandard
generalisation of this bijection which is the case r ¼ 0 of the following theorem.
Their theory of domino insertion is developed in conjunction with other
combinatorial algorithms including Haiman’s mixed insertion and left–right
insertion.
Theorem 3. Fix a 2-core dr: There is a bijection between multisets of biletters m of
length n and pairs ðPrdðmÞ; QrdðmÞÞ of semistandard domino tableaux with the same
shape lAPrðnÞ with the following properties:
(1) The bijection has the colour-to-spin property:
tcðmÞ ¼ spðPrdðmÞÞ þ spðQrdðmÞÞ:
(2) The weight of PrdðmÞ is the upper weight of m: The weight of QrdðmÞ is the lower
weight of m:
(3) The bijection commutes with standardisation in the following sense:
PrdðmÞst ¼ PrdðmstÞ:
QrdðmÞst ¼ QrdðmstÞ:
The proof of this will be left until the next section, where we give an alternative
description of domino insertion in terms of growth diagrams.
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3. Growth diagrams and domino insertion
3.1. Properties of growth diagrams
The insertion algorithm of Subsection 2.3 can also be phrased in terms of Fomin’s
growth diagrams [3,4] (also known as the poset-theoretic description, or language of
shapes). This was ﬁrst made explicit by van Leeuwen [15]. We will show how growth
diagrams are relevant to the semistandard generalisation of domino insertion of [21].
Thus our aim will be to give a short, stand-alone proof of Theorem 3 using
elementary considerations of growth diagrams only, bypassing the connection with
mixed insertion used by Shimozono and White. Thus their lemma [21, Lemma 33] is
replaced by our Lemma 9. The use of growth diagrams makes the generalisation to
the case of non-empty 2-core immediate. In fact one could use growth diagrams to
deﬁne the entire correspondence and develop the theory beginning from that.
Let Mði; jÞ be a n  n matrix taking values from f0; 1;1g thought of as the
matrix representing a hyperoctahedral permutation. Thus it has one non-zero value
in each row or column. We will take the row and column indices to lie in ½n:
The growth diagram (of Mði; jÞ) is an array of partitions lði;jÞ for 1pi; jpn þ 1:
Two ‘adjacent’ partitions lði;jÞ and lðiþ1;jÞ or lði;jÞ and lði;jþ1Þ are either identical or
differ by exactly one domino. Initially, all the partitions lð1;jÞ and lði;1Þ are set to the
same partition m: For our purposes this will usually be a partition satisfying m ¼ *m:
The remainder of the growth diagram will be determined from m and the data Mði; jÞ
according to the following local rules.
Let l ¼ lði;jÞ; m ¼ lðiþ1;jÞ; n ¼ lði;jþ1Þ; r ¼ lðiþ1;jþ1Þ be the corners of a ‘square’.
Assume (inductively) that l; m and n are known. Then r is determined as follows:
(1) If Mði; jÞ ¼ 1 then it must be the case that l ¼ m ¼ n: Obtain r from l by adding
two to the ﬁrst row.
(2) If Mði; jÞ ¼ 1 then it must be the case that l ¼ m ¼ n: Obtain r from l by
adding two to the ﬁrst column.
(3) If Mði; jÞ ¼ 0 and l ¼ m or l ¼ n (or both) then r is set to the largest of the three
partitions.
(4) Otherwise Mði; jÞ ¼ 0 and n and m differ from l by dominoes g and g0: If g and g0
do not intersect then r is set to be the union l,g,g0: If g-g0 is a single square
ðk; lÞ; then r is the union of l,g,g0,ðk þ 1; l þ 1Þ: If g ¼ g0 is a vertical
domino then r is obtained from l,g by adding two to the column immediately
to the right of g: If g ¼ g0 is a horizontal domino then r is obtained from l,g by
adding two to the row immediately below g:
We will call these rules the local rules of the growth diagram.
Proposition 4. The above algorithm is well defined. The growth diagram models the
insertion of the coloured permutation p corresponding to Mði; jÞ into a 2-core dr (in fact
more generally any initial partition).
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The partition lði;jÞ is the shape of the tableau obtained after the first i insertions and
restricted to values less than j: Thus flðnþ1;jÞ : jA½n þ 1g is a chain of partitions
determining PrdðpÞ and flði;nþ1Þ : iA½n þ 1g is a chain of partitions determining QrdðpÞ:
Proof. This is proven via induction, by comparing domino insertion with the local
rules of the growth diagram. The details can be found in [15]. &
For example, Fig. 3 is the growth diagram corresponding to the insertion
procedure of Fig. 2.
Lemma 5. The local rules of a growth diagram are reversible in the following sense. Let
l ¼ lði;jÞ; m ¼ lðiþ1;jÞ; n ¼ lði;jþ1Þ; r ¼ lðiþ1;jþ1Þ be the corners of a ‘square’ of the
growth diagram. Then r; m and n determine l and Mði; jÞ:
Proof. This is a simple veriﬁcation of the local rules. &
Note, that there can be two legitimate standard domino tableaux corresponding to
flði;nþ1Þ : iA½n þ 1g and flðnþ1;jÞ : jA½n þ 1g which do not give a growth diagram
corresponding to an insertion procedure. For example if lð1;2Þ ¼ ð2Þ ¼ lð2;1Þ and
lð2;2Þ ¼ ð2; 2Þ then lð1;1Þ must be |: This is not a valid growth diagram for insertion as
lð1;1Þalð2;1Þ:
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Fig. 3. Growth diagram for the insertion of w ¼ %342%1 into |: The coloured word whose insertion tableau
corresponds to each shape is written next to the shape.
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Lemma 6. The correspondence
p-ðPrdðpÞ; QrdðpÞÞ
is a bijection between pABn and pairs of standard domino tableaux of the same shape
lAPrðnÞ:
Proof. The previous lemma implies that this correspondence is injective. As no
dominoes can be removed from dr; the ‘initial’ row and column of the growth
diagram (lð1;jÞ and lði;1Þ) will consist completely of partitions equal to dr: Thus setting
lði;nþ1Þ : iA½n þ 1 and lðnþ1;jÞ : jA½n þ 1 to two tableaux of the shape lAPrðnÞ will
give a growth diagram corresponding to the insertion of some hyperoctahedral
permutation p: &
Lemma 7. Let p be a hyperoctahedral permutation. Domino insertion possesses the
symmetry property
PrdðpÞ ¼ QrdðpinvÞ:
Proof. This is a consequence of the fact that the growth diagram local rules are
symmetric. &
Lemma 8. Domino insertion for hyperoctahedral permutations p possesses the colour-
to-spin property
tcðpÞ ¼ spðPrdðpÞÞ þ spðQrdðpÞÞ:
Proof. Let l ¼ lði;jÞ; m ¼ lðiþ1;jÞ; n ¼ lði;jþ1Þ; r ¼ lðiþ1;jþ1Þ be the corners of a square
of the growth diagram. Then the lemma follows from the observation that
spðr=mÞ þ spðr=nÞ ¼ spðm=lÞ þ spðn=lÞ þ 1 if Mði; jÞ ¼ 1;
0 otherwise:

This can be checked by considering the local rules case by case. &
Lemma 9. Let p ¼ p1?pn be a coloured permutation. Then piopiþ1 if and only if
domi lies to the left of domiþ1 in QrdðpÞ:
Proof. The main idea is to analyse a 1 2 rectangle of the growth diagram. Let
l0 ¼ lði;jÞ; l1 ¼ lðiþ1;jÞ; l2 ¼ lðiþ2;jÞ; m0 ¼ lði;jþ1Þ; m1 ¼ lðiþ1;jþ1Þ and m2 ¼ lðiþ2;jþ1Þ be
the corners of a 1 2 rectangle of the growth diagram. We will call the two squares
of the 1 2 rectangle the ﬁrst and second squares. We further assume that Mði; jÞ ¼
Mði þ 1; jÞ ¼ 0:
Now suppose that a0 ¼ l1=l0 and a1 ¼ l2=l1 are both dominoes so that a0 lies to
the left of a1: Then it is easy to check that b0 ¼ m1=m0 and b1 ¼ m2=m1 are both
dominoes since Mði; jÞ ¼ Mði þ 1; jÞ ¼ 0: We claim that in fact b0 lies to the left of
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b1: If l0 ¼ m0 this is trivial and most of the cases of the local rules are a simple
veriﬁcation.
The only interesting case is when l1 ¼ m0 and a0 is a vertical domino. In this case,
b0 has moved to the right when compared to a0: The key observation is that b0 is
placed in the column immediately to the right of a0; so it is either still to the left of a1
or it overlaps a1: When overlap occurs, b1 will be moved further to the right and b0
will remain to the left of b1: This proves our claim.
To show (one direction of) our lemma, we just need to check, case by case, that the
initial condition (a0 lying to the left of a1) holds for j ¼ maxðpevi ; peviþ1Þ þ 1: As adding
a new domino to the ﬁrst column will be furthest to the left, and adding a new
domino to the ﬁrst row will be the furthest right this is a simple veriﬁcation. The
claim implies inductively that the same will continue to hold when we get to lði;nþ1Þ;
lðiþ1;nþ1Þ and lðiþ2;nþ1Þ; which give exactly domi and domiþ1 of QrdðpÞ:
The other direction of the lemma is proven in exactly the same way, or one could
replace ‘left’ by ’above’ and ‘row’ by ‘column’. &
Lemma 10. Let p ¼ p1?pn be a coloured permutation. Then ðpinvÞioðpinvÞiþ1 if and
only if domi lies to the left of domiþ1 in PrdðpÞ:
Proof. This is a consequence of Lemmas 9 and 7. &
We are now ready to prove the semistandard domino-Schensted correspondence.
Proof of Theorem 3. That the correspondence exists for hyperoctahedral permuta-
tions is Lemma 6. Then the colour-to-spin property follows from Lemma 8.
For the semistandard case, ﬁx two weights m and l and let these be the upper and
lower weights of a multiset of biletters m: We deﬁne PrdðmÞ by requiring it to have
weight l and satisfy PrdðmÞst ¼ PrdðmstÞ: We now show that such a (semistandard)
tableau exists. Let p ¼ mst: Suppose domi lies to the right of domiþ1 in PrdðpÞ and j
and k satisfy pinvi ¼ j and pinviþ1 ¼ k: Then by Lemma 10, j4k as letters. This means
that the ith smallest biletter of minv has a different top letter to the ði þ 1Þth smallest
biletter minv by the deﬁnition of standardisation. So we are never in the situation
where we need to relabel domi and domiþ1 with the same integer. Such a tableau is
unique since standardisation is injective for tableaux when the weight is ﬁxed.
We then deﬁne QrdðmÞ by
QrdðmÞ ¼ PrdðminvÞ:
It is clear that these deﬁnitions commute with standardisation.
Since standardisation is injective (for both multisets of biletters and tableaux)
when the weights m and l are ﬁxed, this proves that the correspondence
m-ðPrdðmÞ; QrdðmÞÞ
is injective for multisets of biletters with ﬁxed weights for the top and bottom
rows. The colour-to-spin property is also a consequence of the standardisation
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procedure, as
tcðmÞ ¼ tcðmstÞ ¼ spðPrdðmstÞÞ þ spðQrdðmstÞÞ ¼ spðPrdðmÞÞ þ spðQrdðmÞÞ:
Finally, one can show that correspondence is a surjection as follows. Suppose we
are given a pair ðP; QÞ of semistandard domino tableaux of shape shðPÞ ¼
shðQÞAPrðnÞ such that wtðPÞ ¼ l and wtðQÞ ¼ m: Let p be the signed permutation
corresponding to ðPst; QstÞ by Lemma 6, and let f ; g: ½n-Z be the maps assigning to
an entry of Pst (respectively, of Qst) the corresponding entry of P (respectively of Q);
f and g are weakly increasing. We claim that the multiset m of biletters, obtained by
considering p as a (multi)set of biletters (adding a top row 1;y; n) and then
replacing each pair of integers ðx
y
Þ by ðgðxÞ
f ðyÞÞ while preserving the barred-ness of the
bottom letter, corresponds to ðP; QÞ: Since the top and bottom weights are correct,
this amounts to showing mst ¼ p: The ‘if’ part of Lemma 9 implies that if q is any
entry of Q; and fa; a þ 1; a þ 2;y; bg ¼ g1ðqÞ; then paopaþ1o?opb; which
means that the sequence of biletters of m obtained from pa;y; pb are in weakly
increasing order. Since among biletters from distinct such sequences order is also
preserved due to the top letter, we see that each biletter ð ipiÞ of p gives rise to the ith
smallest biletter of m; since pinv corresponds to ðQst; PstÞ; similar reasoning shows
that the biletter ð jpinv
j
Þ of pinv gives rise to the jth smallest biletter of minv: One checks
that the deﬁnition of standardisation (in particular the rule for breaking ties) now
ensures that mst ¼ p:
This completes the proof. &
An alternative way of proving the surjectiveness of the correspondence is by
enumerating both multisets of biletters and pairs of tableaux of the same shape.
Littlewood’s 2-quotient map will accomplish the latter.
For the case r ¼ 0; it is easy to see that the deﬁnition used in the proof agrees with
that of Shimozono and White [21].
Corollary 11. The semistandard domino correspondence possesses the symmetry
property:
PrdðmÞ ¼ QrdðminvÞ:
Proof. This is a consequence of the deﬁnition used in the proof. &
3.2. Dual domino-Schensted correspondence
In this section, we give a description of two dual domino-Schensted correspon-
dences a and b: They are bijections between (multiplicity-free) sets of biletters and
pairs of tableaux of the same shape, one of which is semistandard and the other is
column-semistandard. The deﬁnitions of the three domino-Schensted correspon-
dences differ only in the order on biletters used to deﬁne standardisation.
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For a description of the dual RSK correspondence for Young tableaux see [24].
A domino tableau D is column-semistandard if its transpose is semi-
standard.
We deﬁne a new order od on biletters as follows. The biletter ðxyÞodðkl Þ if
(1) xok; or
(2) x ¼ k and y4l:
Now, we deﬁne two new kinds of standardisation sta and stb: Let m be a set of
biletters of size n: We deﬁne msta ¼ p1p2?pn as follows. We set pi ¼ j if the ith
largest biletter of m underod becomes the jth largest biletter of minv undero when
we take inverses. Since m is multiplicity free, we do not need to worry about ties.
Similarly we deﬁne mstb by usingo as the order for m andod as the order for minv:
In both cases the barred-ness of individual biletters is preserved as for the original
standardisation.
The inverse minv of a set of biletters is deﬁned as for multisets of biletters.
We may now deﬁne the two dual domino-Schensted correspondences a and b: Let
m be a multiplicity-free set of biletters. We deﬁne PraðmÞ to be the unique
semistandard tableau which satisﬁes PraðmÞst ¼ PrdðmstaÞ and the usual equality of
weights. We deﬁne QraðmÞ to be the unique column-semistandard tableau satisfying
QraðmÞst ¼ QrdðmstaÞ:
We deﬁne the correspondence b in the same way, replacing sta by stb; and
requiring that PrbðmÞ be column-semistandard and QrbðmÞ be semistandard. That a
and b are unique and well-deﬁned is part of Theorem 12.
Note that both correspondences agree with the usual domino correspondence
when applied to hyperoctahedral permutations.
Theorem 12. Let rX0 be fixed. The map a
a : m-ðPraðmÞ; QraðmÞÞ
is a weight preserving bijection between multiplicity-free sets of biletters m of length n
and pairs of tableaux ðP; QÞ of the same shape lAPrðnÞ such that P is semistandard
and Q is column-semistandard.
The map b
b : m-ðPrbðmÞ; QrbðmÞÞ
is a weight preserving bijection between multiplicity-free sets of biletters m of length n
and pairs of tableaux ðP; QÞ of the same shape lAPrðnÞ such that P is column-
semistandard and Q is semistandard.
These maps satisfy the following properties:
(1) They commute with standardisation (by definition). Thus
ðPraðmÞst; QraðmÞstÞ ¼ ðPrdðmstaÞ; QrdðmstbÞÞ
and similarly for b:
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(2) The maps a and b are related by
ðQraðmÞ; PraðmÞÞ ¼ ðPrbðminvÞ; QrbðminvÞÞ:
(3) Both maps have the colour-to-spin property.
Proof. The proof is analogous to that of Theorem 3, requiring use of Lemmas 9
and 10. &
As an example we have calculated the insertion and recording tableaux for all
three correspondences in Fig. 4 for the set of biletters m ¼ fð1%1Þ; ð11Þ; ð2%1Þ; ð21Þg:
3.3. Statistics on Domino tableaux
In this subsection, we will introduce and study a number of statistics on partitions
and domino tableaux. Let l be a partition with 2-core *l: Let oðlÞ be the number of
odd rows of l . Thus oðl0Þ is the number of odd columns. Let
dðlÞ ¼
XlðlÞ=2
i¼1
l2i
2
	 

:
Note that dðlÞ ¼ dðl0Þ (see for example [25]). Also let
vðlÞ ¼
Xlðl0Þ
i¼1
l0i
2
	 

¼
XlðlÞ=2
i¼1
l2i:
Now, let D be a domino tableau of shape l: As before vðDÞ is the number of
vertical dominoes in D and spðDÞ ¼ vðDÞ=2: Let ovðDÞ and evðDÞ be the number of
vertical dominoes in odd and even columns respectively. Thus spðDÞ ¼ ðovðDÞ þ
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evðDÞÞ=2: Let mspinðlÞ be the maximum spin over all domino tableaux of shape l:
Similarly, let ovðlÞ be the maximum of ovðDÞ over all domino tableau of shape l:
Deﬁne evðlÞ similarly. The cospin of a domino tableau D is cospðDÞ ¼ mspinðlÞ 
spðDÞ (and is always an integer).
The following lemma is a strengthening of a lemma in [26].
Lemma 13. Let D be a domino tableau of shape l with 2-core *l: Then
ovðDÞ  evðDÞ ¼ oðlÞ  oð
*lÞ
2
: ð1Þ
Proof. We proceed by induction on the size of l; while keeping *l ﬁxed. When D has
shape *l then both sides are 0. Now let D have shape l and suppose the lemma is true
for all shapes m that can be obtained from l by removing a domino. Let g be the
domino with the largest value in D: Removing g from D gives a domino tableau D0
for which (1) holds. If g is a horizontal domino then neither side changes. If g
is a vertical domino in an odd row then both sides decrease by 1 (changing from
D to D0). If g is a vertical domino in an even row then both sides increase by 1. &
Note that this implies that a domino tableau D which has the maximum spin
(amongst all domino tableaux of shape l) will also have the most number of odd
vertical and even vertical dominoes. Thus for example, mspinðlÞ ¼ evðlÞ þ ovðlÞ:
3.4. Symmetric growth diagrams
We now specialise to the case where the matrix Mpði; jÞ corresponds to a
hyperoctahedral involution p: Thus Mpði; jÞ is symmetric and p satisﬁes p2 ¼ 1 in the
group Bn: The hyperoctahedral involution p will consist of a number of ﬁxed points,
barred ﬁxed points, two-cycles and barred two-cycles. For example, let p ¼
ð1635427Þ: Then p has one ﬁxed point, two barred ﬁxed points, one two-cycle and
one barred two-cycle.
In this case, we obtain the following proposition, part of which was ﬁrst observed
by van Leeuwen [15, p. 26].
Proposition 14. Let pABn be a hyperoctahedral involution. Suppose p has y fixed
points, W barred fixed points, i two-cycles and k barred two-cycles. Fix a 2-core dr: Let
the insertion tableau PrdðpÞ ¼ QrdðpÞ of p into dr have shape l ¼ shðPrdðpÞÞ (which
satisfies *l ¼ dr). Then
spðPrdðpÞÞ ¼
W
2
þ k;
oðlÞ  oðdrÞ
2
¼ W;
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oðl0Þ  oðdrÞ
2
¼ y;
dðlÞ  dðdrÞ ¼ iþ k:
Proof. Since PrdðpÞ ¼ QrdðpÞ for a hyperoctahedral involution by Lemma 7, the ﬁrst
equation is a consequence of the colour-to-spin property of Theorem 2. For the
other statements, note that the symmetry of Mpði; jÞ and of the local rules of the
growth diagram imply that the growth diagram lði;jÞ itself is symmetric. We focus our
attention on the partitions lði;iÞ: If Mpði; iÞ ¼ 1 then lðiþ1;iþ1Þ has two boxes added to
its ﬁrst row, and so oðlðiþ1;iþ1Þ0Þ ¼ oðlði;iÞ0Þ þ 2: Similarly, if Mpði; iÞ ¼ 1 then
oðlðiþ1;iþ1ÞÞ ¼ oðlði;iÞÞ þ 2: In both cases dðlði;iÞÞ ¼ dðlðiþ1;iþ1ÞÞ:
If Mpði; iÞ ¼ 0 and lðiþ1;iÞ ¼ lði;iÞ ¼ lði;iþ1Þ then lði;iÞ ¼ lðiþ1;iþ1Þ: The only remain-
ing case is if lðiþ1;iÞ differs from lði;iÞ by a domino, in which case lði;iþ1Þ ¼ lðiþ1;iÞ as
well. This implies that lðiþ1;iþ1Þ differs from lði;iÞ by two dominoes, that are either in
two adjacent columns or in two adjacent rows. Regardless, the number of odd
columns and rows is unchanged while dðlðiþ1;iþ1ÞÞ ¼ dðlði;iÞÞ þ 1: &
Corollary 15. Let D ¼ PdðpÞ correspond to a hyperoctahedral involution p with W
barred fixed points and k barred two-cycles. Then
evðDÞ ¼ k;
ovðDÞ ¼ Wþ k:
Proof. As before, let p have W barred ﬁxed points. Then by Proposition 14,
evðDÞ þ ovðDÞ ¼ 2spðDÞ ¼ Wþ 2k:
Combining Lemma 13 with Proposition 14 again we have,
ovðDÞ  evðDÞ ¼ oðlÞ  oð
*lÞ
2
¼ W:
Subtracting the two equations and dividing by two, we obtain the ﬁrst result.
Summing the two equations give the second result. &
The signiﬁcance of this corollary will become apparent in Section 4.
3.5. Some enumeration for domino tableaux
Let f l be the number of SYT of shape l: The Robinson–Schensted algorithm for
standard Young tableaux (SYT) leads to a number of enumerative results including
the following well-known result.
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Proposition 16. Let nX1: ThenX
lAn
ð f lÞ2 ¼ n!: ð2Þ
X
lAn
f l ¼ tðnÞ: ð3Þ
We can easily generalise these to domino tableaux. Deﬁne
f l2 ðqÞ ¼
X
D
qspðDÞ
where the sum is over all standard domino tableaux D of shape l: It is unlikely that a
‘hook-length’ formula holds for f l2 ðqÞ: Note that f l2 ðqÞ depends on more than just the
2-quotient ðlð0Þ; lð1ÞÞ of l: For example, ð3; 1; 1Þ and ð2; 2Þ have the same 2-quotient
but f
ð3;1;1Þ
2 ðqÞ ¼ 2q1=2 and f ð2;2Þ2 ðqÞ ¼ 1þ q: A cospin version of f l2 ðqÞ for more
general ribbon tableaux was studied by Schilling et al. [20].
We have the following analogue of (2):
Proposition 17. Let nX1 and rX0 be fixed. ThenX
l
ð f l2 ðqÞÞ2 ¼ ð1þ qÞnn!
where the sum is over all partitions lAPrðnÞ:
Proof. This is an immediate consequence of the bijection in Theorem 2. &
The q ¼ 1 specialisation of Proposition 17 has an interpretation in terms of sign-
imbalance (see Corollary 24).
Now deﬁne hrðnÞ as follows:
hrðnÞ ¼
X
lAPrðnÞ
aðoðlÞoðdrÞÞ=2bðoðl
0ÞoðdrÞÞ=2cdðlÞdðdrÞf l2 ðqÞ:
When a ¼ b ¼ c ¼ q ¼ 1; this is the number of hyperoctahedral involutions in Bn
and thus a domino analogue of tðnÞ:
Proposition 18. The function hðnÞ ¼ hrðnÞ does not depend on r: It satisfies the
recursion
hðn þ 1Þ ¼ ðb þ aq1=2ÞhðnÞ þ ncð1þ qÞhðn  1Þ:
The exponential generating function defined as
Eh ¼
X
hðnÞt
n
n!
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is given by the formula
Eh ¼ exp ðb þ aq1=2Þt þ cð1þ qÞt
2
2
 
:
Proof. That hrðnÞ does not depend on r follows from the fact that the tableau being
enumerated are in bijection with hyperoctahedral involutions. Furthermore, the
bijection preserves the appropriate weighting according to Proposition 14. Thus we
are in fact enumerating hyperoctahedral involutions.
The recursion for hðnÞ is immediate from the construction of a hyperoctahedral
involution from barred and non-barred ﬁxed points and two-cycles.
For the exponential generating function, we can use the exponential formula
(see [24, Corollary 5.1.6]). Thus we think of a hyperoctahedral involution as a
partition of ½n into one and two element subsets. The one element subsets can be
given a weight of b or aq1=2 while the two element subsets can be given a weight of c
or cq: &
We remark that the usual exponential generating function for the number of
involutions in Sn is expðt þ t2=2Þ: Setting a ¼ b ¼ q1=2 ¼ c ¼ 1 in Proposition 18, we
conﬁrm that the generating function for the number of hyperoctahedral involutions
is its square.
4. Sign-imbalance and Stanley’s conjecture
Sign imbalance can be deﬁned for posets in general, but we will only concern
ourselves with the posets arising from partitions.
Let T be a standard Young tableau. Its reading word readingðTÞ; for our
purposes, will be obtained by reading the ﬁrst row from left to right, then the second
row, and so on. We set signðTÞ ¼ signðreadingðTÞÞ where readingðTÞ is treated as a
permutation.
Let l be a partition. Then we set
Il ¼
X
T
signðTÞ;
where the sum is over all standard Young tableaux T of shape l: We say Il is the
sign-imbalance of l:
It is not difﬁcult to see that Il is related to domino tableaux. Suppose l has no
2-core, then deﬁne an involution on standard Young tableaux of shape l by
swapping 2i  1 with 2i for the smallest possible value of i where this is possible. If
no such swap is possible the tableau is ﬁxed by the involution.
The ﬁxed points correspond exactly to the standard domino tableau of shape l:
We obtain a standard Young tableau TðDÞ from a standard domino tableau D; by
ﬁlling the domino with a 1 with values 1 and 2, the domino with a 2, with the values 3
and 4, and so on.
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When l has 2-core d1 (a single box) then we use an involution which swaps 2i with
2i þ 1 for the smallest value of i where it is possible. Again, the ﬁxed points are the
standard domino tableau of shape l:
It is easy to see that these involutions are sign-reversing on tableaux which are not
ﬁxed points and thus we obtain the following proposition.
Proposition 19. Let rAf0; 1g; nX1 and lAPrðnÞ: Then
Il ¼
X
shðDÞ¼l
signðDÞ;
where the sum is over standard domino tableaux of shape l and the sign of a domino
tableau D is the sign of the corresponding standard Young tableau TðDÞ:
If for other values of r; the same involutions (chosen based on the parity of jlj)
give the following result.
Proposition 20. Let l have 2-core dr for r41; then
Il ¼ 0:
There is another natural involution on standard Young tableaux whose ﬁxed
points can be identiﬁed with standard domino tableaux. This is Schu¨tzenberger’s
involution S; also known as evacuation. The ﬁxed points of this involution are
exactly in correspondence with the domino tableau of shape l satisfying *l ¼ dr for
rAf0; 1g (see [15]). For a ﬁxed shape l; Stanley [25] has shown that S is either always
parity-reversing or parity-preserving.
By analysing the positions of horizontal and vertical dominoes in a standard
domino tableau, White [26] proves the following proposition. We give a short proof
of this, which was suggested by the referee.
Proposition 21. Let D be a domino tableau of shape l which has 2-core | or d1: Then
signðDÞ ¼ ð1ÞevðDÞ:
Proof. We begin with a standard Young tableau T of shape l whose reading word is
the identity permutation. Keeping the other values in reading order, we now move
the two largest values (say i and i þ 1) to the location of the domino g with the
largest value in D: If g is horizontal, then i and i þ 1 will both pass the same set of
smaller values, so the sign of T does not change. If g is vertical, then one checks that
the sign changes if and only if g is in an even column. Now, we move the next largest
domino into position, and so on, the analysis being identical. &
White has also given an explicit formula (in terms of shifted tableaux) for the sign-
imbalance of partitions which have ‘near-rectangular’ shape.
Combining Proposition 21 with Corollary 15 we obtain the following theorem.
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Theorem 22. Fix rAf0; 1g: Let p be a hyperoctahedral involution. Then the sign of its
insertion tableau signðPrdðpÞÞ is equal to the number of barred 2-cycles.
Proof. This follows immediately from Corollary 15 and Proposition 21. &
We can now prove the following conjecture of Stanley [25], known as the ‘2In=2m’
conjecture.
Theorem 23. Let mX1 be an integer. ThenX
lAm
xvðlÞyvðl
0ÞqdðlÞtdðl
0ÞIl ¼ ðx þ yÞIm=2m:
Note that dðlÞ ¼ dðl0Þ so that one of q and t is not needed.
Proof. Since Il ¼ 0 for l with a 2-core larger than d1; we may assume the sum is over
lAPrðnÞ; for the unique rAf0; 1g and n satisfying 2n þ r ¼ m: Note that oðd1Þ ¼
oðd10Þ ¼ 1 and dðd1Þ ¼ 0:
The standard domino tableau of such shape correspond exactly to hyperoctahe-
dral involutions pABn: We deﬁne an involution a on all such p by turning the two-
cycle ði; jÞ with the smallest value of i from barred to non-barred or vice versa, if such
an i exists. By Theorem 22, a is sign-reversing for domino tableaux which are not
ﬁxed points. Furthermore, by Proposition 14, all of the statistics oðlÞ  r; oðl0Þ  r
and dðlÞ remain ﬁxed by a:
The ﬁxed points of a are exactly the hyperoctahedral involutions without two-
cycles. Hence we obtain, using Proposition 14X
aðoðlÞrÞ=2bðoðl
0ÞrÞ=2cdðlÞIl ¼ ða þ bÞn:
To change this into the form of Stanley’s conjecture, observe that 2vðlÞ þ oðlÞ ¼
m ¼ 2n þ r implying that ðoðlÞ  rÞ=2 ¼ n  vðlÞ and similarly for vðl0Þ and oðl0Þ:
Now substitute this and also x ¼ 1=a and y ¼ 1=b: Finally multiply both sides by
ðxyÞn: &
Theorem 23 is compatible with the involution on Bn which changes barred letters
to non-barred letters and vice versa. This operation preserves hyperoctahedral
involutions, and transposes the corresponding insertion tableau.
Note that the ﬁxed points of a in the proof are exactly the domino tableaux which
are hook shaped: each such tableau D with vðDÞ vertical dominoes and hðDÞ
horizontal dominoes contributes a term xvðDÞyhðDÞ: That these give the right-hand
side of the conjecture was shown by Stanley [25]. When we set x ¼ y ¼ q ¼ 1 we
obtain the following signed analogue of (3):X
SYTT
signðTÞ ¼ 2In=2m;
where the sum is over all standard Young tableaux T of size n:
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As a corollary of Proposition 17 we also obtain Theorem 3.2(b) and the t ¼ 1 case
of Conjecture 3.3(b) of [25].
Corollary 24. Let nX1 be a positive integer. ThenX
lAn
ð1ÞvðlÞðIlÞ2 ¼ 0:
Proof. Let D be a standard domino tableau of shape lAn: By Proposition 21,
signðDÞ ¼ ð1ÞevðDÞ: Now, spðDÞ ¼ ðevðDÞ þ ovðDÞÞ=2 and by Lemma 13 ovðDÞ 
evðDÞ ¼ ðoðlÞ  oð*lÞÞ=2 giving
spðDÞ ¼ evðDÞ þ oðlÞ  oð
*lÞ
4
:
Thus signðDÞ ¼ ð1ÞspðDÞð1ÞðoðlÞoð*lÞÞ=4: (This may involve 1 to the power of a
half integer, which we can consider to be some ﬁxed square root of 1:) Thus
summing over all standard domino tableaux of shape l we get
f lð1Þ ¼ ð1ÞðoðlÞoð*lÞÞ=4Il: ð4Þ
Now, we note that when *l ¼ dr for rAf0; 1g; we have vðlÞ  oðlÞ  oð*lÞ=2 mod 2
which can easily be established by induction. Squaring (4), and summing over lAn
we obtainX
lAn
ð f lð1ÞÞ2 ¼
X
lAn
ð1ÞvðlÞðIlÞ2;
using Proposition 20. Thus the Corollary follows from setting q ¼ 1 in
Proposition 17. &
Similar results were also obtained by Reifegerste [19] and Sjo¨strand [23].
5. Domino generating functions
Let L denote the ring of symmetric functions in a set of variables X ¼ ðx1; x2;yÞ
taking coefﬁcients in C½q1=2 (though the coefﬁcient ﬁeld will not affect the results).
Its completion, *L includes symmetric power series of unbounded degree (though the
coefﬁcient of a monomial ml will always be well deﬁned).
Carre´ and Leclerc [2] have deﬁned symmetric functions HlðX ; qÞ via semistandard
domino tableaux, in the same way that Schur functions arise from semistandard
Young tableaux. Slightly more general functions GlðX ; qÞ were used in [11] and the
two are connected via HlðX ; qÞ ¼ G2lðX ; qÞ: In fact, [11] deﬁnes these functions
much more generally for p-ribbon tableaux.
Let l be a partition. Deﬁne
Gl ¼
X
D
qspðDÞxwtðDÞ;
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where the sum is over all semistandard domino tableaux of shape l and
xm :¼ xm11 xm22 ? for a partition m: There is a cospin version of this function which
we will not need. In the notation of Lascoux et al. [11], our Gl would be
denoted Gl=*l:
That the Gl are symmetric functions is a consequence of a combinatorial
interpretation of their expansion into Schur functions given by Carre´ and Leclerc.
We will call the Gl domino functions. Theorem 3 leads immediately to the following
domino Cauchy identity.
Proposition 25. Fix rX0: ThenX
lAPr
GlðX ; qÞGlðY ; qÞ ¼ 1Q
i;jð1 xiyjÞð1 qxiyjÞ
:
The dual domino-Schensted correspondence of Theorem 12 leads to the following
dual domino Cauchy identity.
Proposition 26. Fix rX0: ThenX
lAPr
qjl=drj=2GlðX ; qÞGl0 ðY ; q1Þ ¼
Y
i;j
ð1þ xiyjÞð1þ qxiyjÞ:
Proof. This follows from the fact that column-semistandard domino tableaux D are
in bijection with semistandard domino tableaux D0 of the conjugate shape with spin
given by
spðD0Þ ¼ m
2
 spðDÞ;
where m is the number of dominoes in the tableau. &
These results are generalised to p-ribbons for any p in [10], using algebraic
methods.
In [9], Kirillov et al. give two product expansions for certain sums of the Gl:
These will be seen as specialisations of our Theorem 28. As the paper [9]
contains no proofs, our theorem can be considered both as a proof and as a
generalisation.
We will call a multiset of biletters m a coloured involution if m ¼ minv: We begin
by studying closely the effect of standardisation on a coloured involution.
Every such coloured involution is given by the number of ﬁxed points ði
i
Þ; barred
ﬁxed points ði%iÞ; two-cycles ðijÞ?ðjiÞ and barred two-cycles ði%jÞ?ðj%iÞ: Let there be ai; bi;
cij and dij of these, respectively. Thus cij ¼ cji and dij ¼ dji:
Lemma 27. Let m be a coloured involution. Then its standardisation mst is a
hyperoctahedral involution with y fixed points, W barred fixed points, i two-cycles and k
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barred two-cycles, where
y ¼
X
i
ai;
W ¼
X
i
bi  2
X
i
bi
2
	 

;
i ¼
X
ioj
cij ;
k ¼
X
ioj
dij þ
X
i
bi
2
	 

:
In other words, the only change that occurs is that of barred fixed points becoming
barred two-cycles.
Proof. It is clear that mst is a hyperoctahedral involution.
Fix an integer i: Then in the multiset of biletters m; then there are exactly
A ¼
X
joi
ðaj þ bj þ cjk þ djkÞ þ bi þ
X
k
dik þ
X
koi
cki
biletters smaller than the ﬁxed points of the form ði
i
Þ: Exactly the same formula holds
for these ﬁxed points in minv: So by the description of how to break ties when
standardising, we see that all these biletters become ﬁxed points.
Now consider barred ﬁxed points ði%iÞ: There are
A ¼
X
joi
ðaj þ bj þ cjk þ djkÞ þ
X
k4i
dik
smaller biletters. Again the same formula holds in minv: However, because of the
special way in which ties are broken in the presence of a bar, the numbers assigned
for the upper letters will be the reverse of the numbers assigned to the lower letters.
So all but at most one of these will change from ﬁxed points into two-cycles.
Now, consider what happens to the collection of biletters of the form ði
j
Þ and iaj:
We need only show that these all become two-cycles when m is standardised. Since
mst is an involution we only need to check that these biletters do not become ﬁxed
points. Such a biletter has between
A ¼
X
loi
ðal þ bl þ clk þ dlkÞ þ bi þ
X
k
dik þ
X
koj
cki
and
B ¼
X
loi
ðal þ bl þ clk þ dlkÞ þ bi þ
X
k
dik þ
X
koj
cki þ cij  1
smaller biletters. After taking the inverse, exactly the same formula holds with i
swapped with j: We see that the top and bottom letters will never get the same
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number via standardisation (in fact if ioj then i will become a smaller number than
what j becomes).
Exactly the same analysis holds for a biletter of the form ði%jÞ and iaj: &
As an example, let m be the coloured involution
m ¼ 1
%3
 
;
1
3
 
;
2
%2
 
;
2
%2
 
;
2
%2
 
;
3
%1
 
;
3
1
 
;
4
5
 
;
5
4
  
:
with 3 barred ﬁxed points, 2 two-cycles and 1 barred two-cycle. Then its
standardisation
mst ¼ %675431298 ¼ 1 2 3 4 5 6 7 8 9
%6 7 %5 %4 %3 %1 2 9 8
 
has 1 barred ﬁxed point, 2 two-cycle and 2 barred two-cycles.
Theorem 28. Let rX0 be fixed. Let SðX ; a; b; c; qÞA *L½½a; b; c be the symmetric power
series
SðX ; a; b; c; q1=2Þ ¼
X
lAPr
aðoðlÞoðdrÞÞ=2bðoðl
0ÞoðdrÞÞ=2cdðlÞdðdrÞGlðX ; qÞ:
Then SðX ; a; b; c; q1=2Þ does not depend on r and has a product formula given byQ
ið1þ aq1=2xiÞQ
ið1 bxiÞ
Q
ið1 cqx2i Þ
Q
iojð1 cxixjÞ
Q
iojð1 cqxixjÞ
:
Proof. Semistandard domino tableaux are in one-to-one correspondence with
coloured involutions by Theorem 3 and Corollary 11. If m is a coloured involution
then the shape and spin of PrdðmÞ is that of PrdðmstÞ and thus we may use Proposition
14 and Lemma 27 to calculate the contributions each coloured involution makes to
the weights oðlÞ; oðl0Þ; dðlÞ and spðPrdðmÞÞ:
Such coloured involutions consist of a number of ﬁxed points ði
i
Þ corresponding to
the product
Q
i 1=ð1 bxiÞ: The barred ﬁxed points ði%iÞ correspond to the productQ
ið1þ aq1=2xiÞ=ð1 cqx2i Þ since according to Lemma 27 all but at most one of the
barred ﬁxed points of each weight will pair to become a two-cycle upon
standardisation. The two-cycles correspond to
Q
ioj 1=ð1 cxixjÞ and the barred
two-cycles correspond to
Q
ioj 1=ð1 cqxixjÞ: &
There are a number of interesting specialisations. We will set r ¼ 0 for the next few
examples.
(1) When a ¼ b ¼ c ¼ q1=2 ¼ 1; we obtain the square of a well-known identity:X
lAP
slðXÞ
 !2
¼ 1Q
ið1 xiÞ
Q
iojð1 xixjÞ
 !2
:
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(2) Substituting q1=2 ¼ 0 and using the fact that GlðX ; 0Þ ¼ smðXÞ for l which
satisfy l ¼ 2m (see [2]), while GlðX ; 0Þ ¼ 0 for other lAP0; we getX
lAP
boðlÞcvðlÞslðXÞ ¼ 1Q
ið1 bxiÞ
Q
iojð1 cxixjÞ
:
This is another well-known identity which can be proved using growth diagrams
for normal RSK.
(3) The case b ¼ c ¼ 1 and a ¼ 0 picks out the Gl of the form G2m ¼ Hm and we
obtain the ﬁrst formula of Kirillov et al. [9]:
X
l
HlðX ; qÞ ¼ 1Q
ið1 xiÞ
Q
iojð1 xixjÞ
Q
ipjð1 qxixjÞ
:
(4) The case a ¼ b ¼ 0 and c ¼ 1 picks out the partitions of the form 2l32l giving
us the second formula of Kirillov et al. [9]:
X
l
Hl3lðX ; qÞ ¼ 1Q
iojð1 xixjÞ
Q
ipjð1 qxixjÞ
:
(5) The case a ¼ c ¼ 1 and b ¼ 0 picks out the Gl of the form Gm3m and we obtain:X
l
Gl3lðX ; qÞ ¼
Q
ið1þ q1=2xiÞQ
ið1 qx2i Þ
Q
iojð1 xixjÞ
Q
iojð1 qxixjÞ
:
Note that while
P
Gl over lAPrðnÞ does not depend on r; the individual Gl
can differ greatly. In particular, two partitions l and m with the same 2-quotient
but with *la *m may not have the same G function. For example, Gð2;2Þ ¼ qs2 þ s1;1
while Gð3;1;1Þ ¼ q1=2ðs2 þ s1;1Þ: Both ð2; 2Þ and ð3; 1; 1Þ have 2-quotient fð1Þ; ð1Þg:
6. Ribbon tableaux
In this last section, we make a few remarks concerning which results might be
generalised to ribbon tableaux. We refer the reader to [11] for the important
deﬁnitions.
Shimozono and White [22] also give a spin-preserving insertion algorithm for
standard ribbon tableaux. Subsequently, van Leeuwen [16] has found a full spin-
preserving Knuth-correspondence for ribbon tableaux. Focusing on the standard
correspondence only, we get a spin-preserving bijection between pairs of standard
ribbon tableaux and permutations p of the wreath product CpySn: Again the
involutions are in bijection with standard ribbon tableaux and thus we obtain a
p-ribbon analogue of Proposition 18 with an identical proof.
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Proposition 29. Let hðnÞ be the polynomial in q defined as
hðnÞ ¼
X
T
qspðTÞ
where the sum is over all standard ribbon tableaux of size n (and fixed p-core). Then
hðnÞ satisfies the recurrence
hðn þ 1Þ ¼ ð1þ q1=2 þ?þ qðp1Þ=2ÞhðnÞ þ nð1þ q þ?þ qp1Þhðn  1Þ
and has exponential generating function
EhðtÞ ¼ exp ð1þ q1=2 þ?þ qðp1Þ=2Þt þ ð1þ q þ?þ qp1Þt
2
2
 
:
The statistics oðlÞ and dðlÞ are no longer suitable for longer ribbons. It seems
likely that the statistic
okðlÞ ¼ #fi : li  k mod pg
may be interesting, but we have been unable to ﬁnd any applications. Possibly more
promising is the following potential generalisation. The sums over standard Young
tableaux of size nX
T
1 ¼ tðnÞ;
X
T
signðTÞ ¼ 2In=2m
suggest that we might consider the sumX
T
wðreadingðTÞÞ
for some other character w of Sn: If this were to be related to p-ribbon tableaux and
the wreath product CpySn then w should take pth roots of unity as its values. One
possibility is the (virtual) character which on the conjugacy class of cycle type l takes
the value
wðClÞ ¼ ollðlÞ
for some pth root of unity o:
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